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HYPERFINE INTERACTIONS: TABLES OF 
ISOTROPIC AND ANISOTROPIC PARAMETERS 

FOR THE ATOMS HYDROGEN TO BISMUTH 

by 

J. A. McMillan and T. Halpern 

ABSTRACT 

This report discusses the hyper fine-inter action para­
magnetic Hamiltonian. Tables of expectation values for the 
atoms hydrogen to bismuth are given for the contact t e rm 
and for the principal values of the dipole-dipole interaction, 
reduced to g = 2. An empirical relation is given that per­
mits one to evaluate the change in <r"^> with charge in 
transi t ion metal ions. 

INTRODUCTION 

The hyperfine t e rm of the paramagnetic Hamiltonian is 

5.hf = KS.f.of3^^-14l-I\ (1) 

where K is a sca lar , S and I are the electron and nuclear spin opera tors , 
r is the electron radius vector with origin at the nucleus, L is the orbital 
angular momentum operator, and 

" = geM'B(gNM'N/l^)' (2) 

ge = free-electron g value, 

Hg = Bohr magneton, 

gNM-N/̂  = nuclear Larmor precession frequency. 

When the orbital angular momentum is completely quenched by the 
crystal field, the t e rm in L vanishes and Eq. 1 reduces to 

with 

and 



S^hf KS • I + n 3 
(3) 

which is then va l id for sp in -on ly p a r a m a g n e t i s m . 

In o r d e r to t r e a t an i ncomple t e ly quenched angu la r m o m e n t u m , Eq. 1 

is r e w r i t t e n as 

S?', hf A • I, (4) 

w h e r e A is a s y m m e t r i c , s e c o n d - r a n k t e n s o r and S is now the e f f e c t i v e -
spin o p e r a t o r , for which no different symbol is u sed . The e f f e c t i v e - s p i n 
o p e r a t o r o p e r a t e s on the p e r t u r b e d wavefunction of the e l e c t r o n s t a t e i n ­
cluding orb i ta l ef fec ts , and not on the spin v a r i a b l e s only. 

When the ground s t a t e is an o r b i t a l s ing le t , for e x a m p l e , f i r s t -
o r d e r p e r t u r b a t i o n leads to an e l e c t r o n wavefunct ion, | 0*> , wh ich is c o m ­
posed of the u n p e r t u r b e d ground s t a t e | o> and a d m i x t u r e of e x c i t e d s t a t e s 
|n> ; i . e . , 

0*> = 0> z < n L • S 0 > 
n > , (5) 

where En - EQ is the c r y s t a l - f i e l d sp l i t t ing of the e l e c t r o n e n e r g y l e v e l s 
and X is the expec ta t ion va lue of the s p i n - o r b i t coupl ing o p e r a t o r wh ich is 
a function of the r ad ius a lone ; i . e . , 

X 
eK^ 

2m c 
_1__S_ 
r 3 r 

V(r) (6) 

Equat ion 5 is val id if 

(a) | n> be longs to the lO > man i fo ld . 

a n d 

(b) X « -E.^ - Eo. 

The wavefunct ion of Eq . 5 is an e igenfunc t ion of the e f f e c t i v e - s p i n 
o p e r a t o r S^ with the e igenva lue m g ; i . e . , 

S z | 0 * , m s > = m s | 0 * , m s > . (y) 

Ra i s ing and lower ing o p e r a t o r s S+ and S . a r e def ined in the u s u a l m a n n e r . 

S e c o n d - o r d e r p e r t u r b a t i o n l e a d s to an e f f e c t i v e - s p i n h y p e r f i n e t e r m 
in which the o r b i t a l effect m a k e s the e l e c t r o n - n u c l e u s d i p o l e - d i p o l e i n t e r ­
act ion t e n s o r no longer t r a c e l e s s . E a c h c a s e h a s to be w o r k e d out a f te r a 



knowledge of the crystal-f ield splittings and leads to the hyperfine param­
eters that would have been observed, had the orbital angular momentum 
been completely quenched. These are the parameters discussed and tabu­
lated in the present report . 

DISCUSSION OF TABLES 

The hyperfine-interaction tensor A, reduced to spin-only para­
magnetism, is composed of an isotropic part K and a t raceless tensor T 
such that 

A = K + T. (8) 

Since T is t r ace l e s s , K is given by one-third the trace of A; i .e., 

(9) K = ^ T r A . 

In the orthogonal reference frame that diagonalizes T (and hence A), the 
principal values of both tensors are related by 

Aii = K + Tii, 

where the subscripts stand for the coordinates; i.e., i = x, y , z . 

(10) 

In s s ta tes , the isotropic te rm, also called Fermi or contact t e rm, 
is given by 

K T^"l*ns(0)^ (11) 

The values of K in MHz and in gauss are given in Table I. 

For core polarization, K is given by 

8n 
K = T " I ltns(0)t|^ - kns(0)i|^ (12) 

where the ar row pointing up identifies the orientation of the total spin S of 
the ion. Spin-polarized Har t ree -Fock calculations have been performed for 
several ion se r ies . ' "^ These calculations indicate that the polarization is 
opposed to that of the ion total spin S, being of -125, -375, and -700 kG at 
the nucleus for mg = j , approximately, for the first (3d), second (4d), and 
third (5d) transi t ion s e r i e s , respectively. Values have also been calculated 
for some of the r a re earths and several typical elements.'"^ 



TABLE i. Parameters of Hyperfine Interaction 

MHz/kG Orbital a.u. 

Anisotropic Splitting 
Isotropic Splitting ____ • . i ~ 

— ' 2 îB9 l̂̂ JN<'̂  ' 

•B 

'v 
V 
3He 

^Li 

'Li 

'Be 

1»B 

"B 

13c 

"N 

15N 

" 0 

1»F 

2lNe 

22Na-

23Na 

2 < » -

25Mg 

2'SI 

2'Sl 

31p 

33s 

35s-

35ci 

36CI 

3'CI 

39K 

%• 
aiK 

«K-

"ca 

assc 

"Ti 

49Ti 

49v 

50v 

51v 

53cr 

53Mn* 

33Mn 

5'FB 

56co-

5 'co-

58co-

99.9844 

1.56 X 10'^ 

10-' - 10-3 

7.43 

92.5? 

100 

18-83 

81.17 

1.108 

99.635 

0.365 

3.7 X 10-2 

100 

0.257 

100 

1O05 

100 

4.70 

lOO 

0.74 

75,4 

24.6 

93.08 

1.19 X 10-2 

6.91 

013 

100 

7.75 

2.401 

0.24 

99.76 

9.54 

100 

2.245 

-
-

1/2 

1 

1/2 

1/2 

1 

3/2 

3/2 

3 

3/2 

1/2 

1 

1/2 

5/2 

1/2 

3/2 

3 

3/2 

4 

5/2 

5/2 

1/2 

1/2 

3/2 

3/2 

3/2 

2 

3/2 

3/2 

4 

3/2 

2 

7/2 

7/2 

5/2 

7/2 

7/2 

6 

7/2 

3/2 

7/2 

5/2 

1/2 

4 

7/2 

2 

4.25759 

065357 

4.5414 

-3.2435 

0.6265 

1.6547 

-05983 

0.4575 

1.3660 

1.0705 

0.3076 

-0.4315 

-0.5772 

4.0055 

0.3363 

0.4434 

1.1262 

0322 

-02606 

1.1094 

-08458 

1.7236 

03266 

0.508 

04172 

0.4893 

03472 

0.1987 

-0.2470 

0.1092 

-0.434 

-02865 

1.0344 

-O.240O 

-0.2401 

1.02 

04245 

1.1193 

-0.2406 

1.100 

1.0553 

0138 

07347 

1.01 

1.544 

22.6 

2.09 

7.15 

17.7 

35.0 

60.5 

96.1 

143 

m 

218 

1,515 

-6,125 

10) 

288 

-358 

677 

2,022 

3,128 

1,557 

-2,184 

-4,637 

47,959 

27,630 

78 

542 

-2,192 

39 

103 

-128 

242 

723 

1119 

557 

-781 

-1,659 

17,160 

9,886 

15,3 

29,6 

48.1 

71.3 

99.8 

134 

8.73 

174 

-333 

2,748 

-3,403 

10,275 

2,724 

4,236 

4,673 

5,480 

3,889 

145 

-180 

80 

-317 

62.3 

-119 

983 

-1218 

3,676 

975 

1,516 

1,672 

1,961 

1,391 

51,9 

-64,4 

28,6 

-113 

32,1 

35,9 

39.8 

43,8 

-645 

3,297 

3,163 

459 

2,692 

3,701 

5,661 

-231 

1,180 

1,132 

164 

963 

1,324 

2.026 

1,6618 

3.0205 

4.9490 

7,5451 

10.906 

17.004 

17.004 

24.919 

1.088 

2.027 

3,266 

4.8364 

223 

117 

-163 

-358 

3,790 

460 

945 

2,401 

687 

-814 

151 

-215 

706 

198 

15.9 

47.6 

79,8 

54.0 

-76.9 

no 
127 

148 

106 

80.1 

-99.5 

44.0 

142«4 

1.9751 

2.5888 

3.2812 

4.0597 

4,9306 

5,8997 

185 

-59 

-59 

331 

138 

363 

-49 

560 

537 

85 

544 

66,2 

- 2 1 1 

- 2 1 1 

118 

49,4 

130 

-17,5 

200 

192 

30,4 

195 

^Radioactive element. 



Isotropic Splitting Anisotropic Splitting 

Nucleus 

1 

% Abundance 

11 

Nuclear Spin 1 

Ml 

9NlJN/fi. 
MHz/kG 

IV 

Orbital 

V 

A^ 

a.u. 

VI 

Is'O'. 
MHz 

VII 

K 

Gauss Orb 

VIII i: 

2HB9NI^«<r'-

" C o 

< * & • 

' • N I 

' 3co 

" C o -

«5cu 

« Z n 

«'Ga 

' iGa 

'3Ge 

' 5AS 

" S e 

" S e -

" B r 

8lBr 

«3Kr 

S5Kr-

8lRb-

85Rb 

86Rb-

87Rb 

87s r 

89Y 

' I Z r 

' 3 * 

' 5 M O 

9 ' M O 

" T C -

" R U 

lOlRu 

103Rh 

l»5pd 

lO'Ag 

IMAg 

U l , g . 

l l lCd 

113Cd 

113|n 

115|„-

llSsn 

l l 'Sn 

l l 'Sn 

121Sb 

123sb 

123le 

125Te 

1Z7| 

129|. 

I Z * ) * 

IS'Xe 

12'Cs-

129cs. 

lOO 

1,25 

69,09 

30.91 

4.12 

60.2 

39.8 

7.61 

100 

7.50 

50.57 

49.43 

11,55 

72.8 

27,2 

7,02 

100 

11,23 

100 

15,78 

9,60 

12,81 

16,98 

lOO 

22,23 

51,35 

48,65 

12.86 

12.34 

4,16 

95,84 

0.35 

7.67 

8.68 

57.25 

42.75 

0.8) 

7.03 

m 

26,24 

21.24 

-

7/2 

5 

3/2 

3/2 

1 

3/2 

5/2 

3/2 

3/2 

9/2 

3/2 

1/2 

7/2 

3/2 

3/2 

9/2 

9/2 

3/2 

5/2 

2 

3/2 

9/2 

1/2 

5/2 

9/2 

5 /2 

5/2 

9/2 

5/2 

5/2 

1/2 

5/2 

1/2 

1/2 

1/2 

1/2 

1/2 

9/2 

9/2 

1/2 

1/2 

1/2 

5/2 

7/2 

1/2 

1/2 

5/2 

7/2 

1/2 

3/2 

1/2 

1/2 

1,0103 

0,46 

0,379 

1,1285 

0.30 

1.2090 

0.2664 

10219 

12984 

-0,1485 

0,7292 

0,8131 

-0.2211 

1.0667 

1.1499 

-0.164 

0.170 

1.02 

0.4111 

(-10.65 

1.3932 

-0.1845 

-0.2086 

-0.3958 

1.0407 

-0.2774 

-0.2833 

0.9583 

-0.19 

-0.21 

-0.1340 

-0.174 

-0.1723 

-0.1981 

-0.221 

-0.9028 

-0.9444 

0.9310 

0.9329 

-1.392 

-1.517 

-1.587 

1.019 

0.5518 

-1.116 

-1.345 

0.8519 

0.5669 

-1178 

03490 

2.15 

2.24 

43.8 

48.1 

52.4 

57.0 

87.3 

120 

157 

198 

243 

293 

3,702 

1686 

1,523 

4,947 

1,315 

5,300 

1,269 

7,454 

9,471 

-1,494 

9,590 

13,461 

-3,660 

21700 

23,394 

-4,022 

1,325 

603 

545 

1,770 

471 

1,896 

454 

2,667 

3,389 

-535 

3,431 

4,816 

-1,310 

7,764 

8,370 

-1,439 

30,0 

37,6 

44,1 

500 

55,6 

61,0 

66,2 

713 

76,3 

81.3 

86,1 

123 

160 

200 

242 

287 

336 

21,0 

-4628 

•656 

-1,458 

4,349 

-1,290 

-1,317 

,4,887 

-1,052 

-1163 

-799 

-1110 

-1,170 

-1346 

-1501 

-6,500 

-6,800 

9,551 

9,571 

-18,640 

-20,313 

-21250 

17,019 

9,216 

-22,584 

-27,217 

20,459 

13,614 

-33,055 

9,793 

3,771 

3,929 

-1,656 

-235 

-522 

1,556 

-462 

-471 

1,749 

-376 

-416 

-286 

-397 

-419 

-482 

-537 

-2,326 

-2,433 

3,417 

3,425 

-6,669 

-7,268 

-7,603 

6,089 

3,297 

-8,081 

-9,738 

7,320 

4,871 

-11827 

3,504 

1,349 

1406 

6.9724 

8.1540 

4.7334 

6,8542 

9.2715 

119994 

148867 

20.097 

25.8)47 

17117 

2.3974 

3.1220 

3.9001 

4.7390 

5.6438 

6.6185 

7.6666 

8,7911 

9.9041 

4.4572 

6.7468 

-88 

627 

945 

-257 

1.605 

1730 

-306 

317 

2,571 

1,036 

(-11,638 

3,511 

-5,991 

-44,8 

-119 

407 

-136 

-139 

569 

-134 

-149 

-111 

-167 

-190 

-218 

-244 

-1,121 

-1,173 

520 

521 

•1,178 

-1,283 

-1343 

-315 

224 

338 

-92.0 

574 

619 

-109 

113 

920 

371 

(-1586 

1,256 

-2,144 

-160 

-42,6 

146 

-48,7 

-49.7 

204 

-47.9 

-53.3 

-39.7 

-59.8 

-68.0 

-78.0 

-87.3 

-401 

-420 

186 

186 

-421 

-459 

-481 

-1,671 

•2,013 

1,589 

1,057 

-2,633 

780 

6,270 

6,532 

-598 

-720 

569 

378 

-942 

279 

2,243 

2,337 
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TABLE I (Contd.) 

Isotropic Splitting 

9NMfj/f, A^ = 47r,i^5l0), 

% Abundance Muclear Spin I MHz/kG Orbital a.\J. 

131cs-

133cs 

134cs-

135cs-

13'Cs-

135Ba 

13'Ba 

BSLS 

139u 

141c,. 

Wlpr 

143N(1 

l l^Nd 

i " w -

U'Sm 

H'Sm 

I51EU 

IS'Eu 

154EU 

15504 

15'Gd 

'3« l l 

1610, 

163D, 

I 'SHO 

I67Er 

" ' T m 

I'lVb 

i'3yb 

1'3LU 

1'6LU-

l"Hf 
179Hf 

ISlTa 

183;V 

185Re 

18'Re 

18'Os 

18905 

l ' l | r 

l '3 | r 

195pt 

1 " A U 

198AU-

l»«Au-

1 " H 9 -

1 " H 9 

2»lHg 

203ri 

205r| 

207pb 

209Bi 

100 

-
659 

1132 

0,08) 

99,911 

100 

12.20 

8.30 

15.07 

13.84 

47.77 

52.23 

14.68 

15.64 

100 

18.73 

24.97 

IK) 

22.82 

100 

14.27 

1608 

97.40 

2.60 

18.39 

13.78 

100 

14.28 

37.07 

62.93 

161 

38.5 

61.5 

33.7 

ICM 

16.86 

13.24 

29,52 

70,48 

21,11 

100 

5/2 

7/2 

4 

7/2 

7/2 

3/2 

3/2 

5 

7/2 

7/2 

5/2 

7/2 

7/2 

9/2 

7/2 

7/2 

5/2 

5/2 

3 

3/2 

3/2 

3/2 

5/2 

5/2 

7/2 

7/2 

1/2 

1/2 

5/2 

7/2 

6 

7/2 

9/2 

7/2 

1/2 

5/2 

5/2 

1/2 

3/2 

3/2 

3/2 

1/2 

3/2 

2 

3/2 

1/2 

1/2 

3/2 

1/2 

1/2 

1/2 

9/2 

106 

0,5585 

0.564 

0.594 

0618 

0.4230 

04732 

0.5617 

0.6014 

0035 

1.195 

-0272 

0.17 

0037 

-015 

-0.12 

1.049 

0.4638 

0,51 

-012 

-0.17 

0,772 

012 

016 

0.722 

O104 

0349 

0.751 

-0.21 

0486 

053 

0.13 

-0.080 

O509 

0,175 

0.9586 

09684 

0.18 

03307 

0.0813 

0086 

0.9153 

0.0731 

0.19 

0,12 

079 

0.760 

-0.280 

2,433 

2,457 

0.8899 

0.6842 

98) 

1,042 

1,084 

1318 

1,474 

354 

373 

388 

472 

527 

40.3 118 42.2 

41.8 4,177 1,495 

43,3 -984 -352 

2,032 

-493 

-698 

3,268 

523 

698 

3,240 

480 

1,657 

3,664 

-1,024 

2,918 

727 

-176 

-250 

1169 

187 

250 

1159 

172 

5,929 

1311 

-366 

1,044 

-555 

3,957 

1,498 

8,911 

9,002 

1,800 

3,307 

1,107 

1171 

10,366 

874 

2,271 

1434 

9,923 

9,547 

-3,517 

41,625 

42,035 

19,195 

-199 

1,416 

536 

3,188 

3,221 

644 

1,183 

396 

419 

3,709 

313 

813 

513 

3,550 

3,416 

-1,258 

14,893 

15,040 

6,868 

Anisotropic Splitting 

2iigS^H<r 

- 3 > , a,u. 

23,2545 

29,0659 

3,694 

4.3005 

4.9127 

5.5410 

6.8637 

3,091 

1,629 

1,645 

1,732 

1802 

1,542 

1,725 

260 

279 

18.9 

736 

-189 

118 

25.7 

-129 

-103 

1,106 

583 

58) 

620 

645 

552 

617 

93,0 

99.8 

6.76 

263 

-67.6 

42.2 

9.20 

-46.2 

-36,9 

9,0537 

9,8451 

10,6693 

11.5275 

12.4204 

13.3495 

876 

148 

198 

966 

150 

544 

1,257 

-352 

-44,7 

-63.3 

313 

53,0 

5.6057 358 128 

6.7504 148 53.0 

7.9414 955 342 

10,4886 

11.8527 

13.2809 

14,6560 

7.5553 

10.9883 

14,5706 

381 

107 

113 

1,360 

122 

316 

200 

1,452 

1,397 

-515 

2,305 

2,328 

1,226 

1,250 

136 

38,3 

40,4 

487 

43,7 

113 

71.6 

520 

500 

-184 

825 

833 

439 

447 
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The evaluation of the principal values of the T tensor reduces to 
finding the expectation values of the second te rm of the right-hand side of 
Eq. 3, as provided by the ground-state wavefunction. In crystal-field con­
figurations, the variables a re separable and the evaluation of f reduces to 

< T i i > = <n, t |T i i ( r ) |n , t><^,m|Ti i (e ,cp) | t ,m>, (13) 

where |n,.t> and | t , m > are the radial and angular wave functions, respec­
tively. The radial part of Eq. 13 reduces to 

<n,l\Tj^j^(r)\n,l> = n < r " ^ > (14) 

for all principal values and is listed in Table I in MHz and in gauss. The 
angular parts of Eq. 13 take the form 

Txx(S,tp) = <^ ,m|3 sin^ e cos^ tp - 1 |.t,m>, (15) 

T^y{Q,((>) = <.t,,m|3 sin^ 6 sin^ cp - 1 |-£-,m>, (16) 

and 

T22(e.9) = <-t,m|3 cos^ e - l | ^ ,m> (17) 

and are l isted in Table II, averaged over the real wavefunctions 

• "(e.̂ ) --^{^i.-m + ^l-J) 

and 

• "(e.V) = - ^ ( Y - L , - m - Y t . r n ) . (19) 

TABLE II. Average Angular Pa ramete r s of p and d Orbitals 

Px Py Pz ^z^ dx2-y2 dxy ^xz '^yz 

Tyy(e.tp) 

T,,(e,cp) 

4 
5 

2 
5 

2 
5 

2 
"5 

4 
5 

2 
" 5 

2 

2 
" 5 

4 
5 

2 

2 
' 7 

4 
7 

2 
7 

2 
7 

4 

2 
7 

2 
7 

4 

2 
7 

4 
• 7 

2 
7 

4 
' 7 

2 
T 

2 
7 
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w h e r e the s p h e r i c a l h a r m o n i c s Y^^m have the g e n e r a l e x p r e s s i o n 

m-H|m| 

^ i , m = (-1) ' 
Zl \ 1 ( ^ - | m | ) ! 

Pt,|m|(': ei '^ 'P. (20) 
4" ( i + | m | ) ! _ 

P ^ j j ^ , ( c o s 6) is a L e g e n d r e polynomial* l i s t ed in Tab le III for v a l u e s of I 

n n - | m | 
up to 4. The coefficient (-1) ^ accounts for the p h a s e s as p r e s c r i b e d 
by Condon and Short ley.^ The r e a l wavefunct ions of E q s . 18 and 19, w h e r e 
the s u p e r s c r i p t s c and s s tand for cos ine and s ine , a r e the w e l l - k n o w n 
p^ , p d 2_ 2, •••> r e a l wavefunct ions . 

TABLE III. A s s o c i a t e d L e g e n d r e 
P o l y n o m i a l s f rom -f, = 0 to -t = 4 

3,0 (z) = i z ( 5 z 2 - 3 ) 

P3 ,(z) = ( 3 / 2 ) ( l - z ^ ) ^ ( 5 z ^ - l ) 2 \ 2 7 

cos e ^3,2(2) = 15z(l - z^) 

Po,o(z) = 1 P3,3(z) = 15(1 - Z ^ ) ' " 

Pi,o(z) = z P4,o(z) = ( l /SJOSz-*- 30z ' -^3) 

P , , , ( z ) = ( l - z ^ ) * P,^,(z) = ( 5 / 2 ) z ( l - z ^ ) ^ ( 7 z ^ - 3 ) 

Pz,o(z) = i ( 3 z ^ - l ) ^ P4,2(z) = (15/2)(1 - z ^ ) ( 7 z ^ - 1) 

P2,,(z) = 3 z ( l - z ^ ) ^ P4_3(z) = 1 0 5 z ( l - z ^ ) ' ' ' 

P2,2(z) = 3(1 -z^) P , ^{z) = 105(1 - z ^ ) ' 

The H a r t r e e - F o c k p a r a m e t e r s have b e e n t a k e n f r o m F r o e s e F i s c h e r 
t a b l e s . The n u c l e a r L a r m o r p r e c e s s i o n f r e q u e n c i e s a r e t h o s e l i s t e d in 
V a r i a n ' s t a b l e s , ' with the s ign of the n u c l e a r m a g n e t i c m o m e n t . 

H A R T R E E - F O C K < r - 3 > P A R A M E T E R S 
O F TRANSITION M E T A L IONS 

The p a r a m e t e r s of Tab le I a r e t hose c a l c u l a t e d by F r o e s e F i s c h e r 
for neu t r a l a t o m s . ' F r e e m a n and W a t s o n ' s r e s u l t s ' for < r - ' > differ f r o m 
F r o e s e F i s c h e r ' s in tha t the f o r m e r a r e s y s t e m a t i c a l l y l o w e r . T h e a d v a n ­
tage of F r e e m a n and W a t s o n ' s c a l c u l a t i o n s l i e s in tha t the v a l u e s of < r - ' > 
for different c h a r g e s of the ion h a v e b e e n e s t i m a t e d . As a r u l e of t h u m b , 
F r o e s e F i s c h e r ' s < r " ^ > for the n e u t r a l a t o m a r e c l o s e r to F r e e m a n and 
Watson ' s va lues for the d iva len t ion. If F r e e m a n and W a t s o n ' s v a l u e s a r e 
p r e f e r r e d , the va lues in c o l u m n s XI and XII of T a b l e I should be m u l t i p l i e d by 
the ra t io of t h e i r va lue s to the v a l u e of < r ' ^ > l i s t e d in c o l u m n X of T a b l e I. 
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An approximate empir ical relation holds for the values of <r"^> of 
ions of the same element and charges p and p-l-q, namely: 

<^ >p-^q <r- '>p + q(o.45 + 0. iy<r-^>p) 

in atomic units, where Froese Fischer ' s value for the free atom may safely 
be taken for Freeman and Watson's value for p = 2. 

Example 1 

<r-^>(Cu*+) = <r- '>(Cu '+) -̂  2(0.45 - h 0 . l 7 < 7 ^ ^ > ( C ^ ) 

Taking for Cu'"*" the value for Cu° from Table I, which is 8.15 a.u. (Freeman 
and Watson's value for Cu' is 8.25 a.u.), one gets 

<r-^>(Cu*+) = 9.63 a.u. 

in 2% agreement with Freeman and Watson's value of 9.81 a.u. for Cu* . 

Example 2 

<r-^>(Ag+) = <r-3>(Ag'+) - (o.45 + 0.1 v^r-='>(Ag'+)) 

Taking for Ag'"*" the value for Ag° from Table I, which is 8.80 a.u. (Freeman 
and Watson's value for Ag'"*" is 8.91 a.u.), one gets 

<r'^>(Ag'^) = 8.05 a.u. 

in 2% agreement with Freeman and Watson's value of 8.22 a.u. for Ag . 

In other cases , the agreement is not so good, but the discrepancies 
are never l a rger than 10%. 
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